A nonlocal form of a two-layer fluid system is proposed by a simple symmetry reduction, then by applying multiple scale method to it a general nonlocal two place variable coefficient modified KdV (VCmKdV) equation with shifted space and delayed time reversal is derived. Various exact solutions of the VCmKdV equation, including elliptic periodic waves, solitary waves and interaction solutions between solitons and periodic waves are obtained and analyzed graphically. As an illustration, an approximate solution of the original nonlocal two-layer fluid system is also given.
I. INTRODUCTION
In nonlinear science, to obtain exact solutions of nonlinear equations, including nonlinear wave solutions and soliton solutions, etc., is a basic and challenging task. In the past few decades, many effective methods have been developed to study a lot of integrable or non-integrable equations, such as Korteweg-de Vries (KdV) equation along with its multidimensional analog Kadomtsev-Petviashvili equation, different type of nonlinear Schrödinger equations and so on, to give their various exact solutions. However, these well studied nonlinear systems are mostly local ones until Ablowitz and Musslimani [1] in 2013 introduced a PT symmetric nonlocal Schrödinger (NNLS) equation iq t (x, t) = q xx (x, t) ± q(x, t)q * (−x, t)q(x, t),
with * being complex conjugate and q being a complex valued function of the real variables x and t. It is remarkable that, despite of the nonlocal property, Eq. (1) is an integrable infinite dimensional Hamiltonian equation, which can be solved by inverse scattering transform and possesses infinitely number of conservation laws. Although Eq. (1) was derived with physical intuition, since then, a wealth of new nonlocal nonlinear integrable infinite dimensional Hamiltonian dynamical systems are introduced from integrability requirement, among which, many of them are constructed by simple symmetry reductions of general AKNS scattering problems. These include reverse space-time, and in some cases reverse time, nonlocal nonlinear modified Korteweg-deVries equation, nonlocal sine-Gordon equation, derivative NNLS equation and so on [2] . At the same time, many efficient methods have been developed to obtain abundant wave solutions of nonlocal systems such as solitary waves, periodic waves, rogue waves, etc. [3] [4] [5] [6] .
In fact, nonlocal phenomena exist commonly in many fields of real nature [7] [8] [9] [10] . To establish physically meaningful nonlocal systems, Lou proposed to construct two place AliceBob system (AB system) by using "AB-BA equivalence principle" and "P s -T d -C principle" [11] . Through this way, many nonlocal version of physically important nonlinear systems are constructed, such as AB-KdV equation [12, 13] , AB-modified KdV equation [14] , AB-NLS equation [11] , etc., and various exact solutions are given, including some types of shifted parity and time reversal (P sTd ) symmetry breaking multi-soliton solutions,P sTd conserving localized excitation, rogue wave solutions [15, 16] and so on. Especially, for some complicated physically important AB-type models, for example AB-type multiple vortex interaction systems in atmosphere system, which are hard to give exact soliton solutions or periodic wave solutions, the multiple scale expansion method is applied to transform them into some aimed AB-type nonlinear equations, such as AB-(m)kdV equation [17, 18] , AB-NLS equation [19] , etc. Through this way, many approximate solutions for the original complicated AB-type systems can be derived from various exact solutions of aimed ABtype equations, such as periodic elliptic wave solutions, soliton solutions and the interaction solutions between solitons and periodic waves, etc., meanwhile, many physical phenomena like correlated dipole blocking event can be appropriately explained.
In this paper, we use a two-layer fluid system [20] 
where
and J{a, b} = a x b y − b x a y , as a starting point to derive a nonlocal mKdV system and study its various solutions. In Eqs. 
To derive a nonlocal modified KdV type equation with shifted parity and delayed time reversal from it, according to the multiple scale expansion method, the following long wave approximation assumption is assumed
where is a small parameter, and c 0 is an arbitrary constant. The stream function ψ 1 can be expanded as
where U 0 ≡ U 0 (y) is an arbitrary function of y and the last term can be expanded as
with φ 1i ≡ φ 1,i (ξ, y, τ ), (i = 1, 2, 3) being functions of indicated variables. The model constants F and β can be reasonable assumed as and 2 order, respectively, i.e.,
which means that coupling strength between two layers is small and the effect of the rotation of the earth is even smaller than that.
Substituting Eq. (9) with Eqs. (8), (10) and (11) into Eqs. (2) and (3) with (6), (7) and vanishing coefficients of O( ), we obtain
and
where (12) and (13) are linear with respect to φ 11 and φ 12 , we assume them in the variable separation form as
. Now substitute Eqs. (14) and (15) into Eqs. (12) and (13) to get
which have a general form of solution for G 0 and P 0
with
being an arbitrary function. Now vanishing the coefficients of O(
2 ) leads to
To solve the Eqs. (20) and (21), it is readily verified that φ 12 and φ 22 can be taken in the form
, which are determined by substituting Eqs. (22)- (23) into Eqs. (20)- (21) as
where Q = U 0y + 2c 0 and F i , (i = 3 · · · 8) are arbitrary functions of τ .
To take one step further by vanishing coefficients O( 3 ) we get
where φ 23 =P ξ sT τ d φ 13 = φ 13 (−ξ + ξ 0 , y, −τ + τ 0 ). Without using y−average trick as in many literatures, we assume the general form of variable separation solutions of Eqs. (27) and (28) as
where 
where e 9 = 
−e 5 G 0yy dy)Q −2 dy), g 6 = −2Q(m 12 + (m 11 − 2F 0 U 0y P 3 P 0 + 4F 0 P 3 P 0 c 0 − e 6 G 0yy dy)(2Q) −2 dy),
with m i ≡ m i (τ ) (i = 1 · · · 16) being arbitrary functions.
III. EXACT SOLUTIONS OF THE NONLOCAL VCMKDV EQUATION
A. exact solutions of the VCmKdV system with constant coefficients
To give more interesting solutions of the VCmKdV equation (31), for simplicity, we first assume the coefficient of it are all constants. Under this assumption as well as e 9 = 0 in Eq. (31), i.e. F 1 (τ ) is a nonzero constant, we use elliptic function expansion method and generalized tanh expansion method to give some periodic wave solutions and interaction solutions between soliton and periodic waves, respectively.
periodic wave solutions
Using elliptic function expansion method, after some routine work, it can be verified Eq.
(31) admits two kinds of elliptic wave solutions, the first one is 
with 
and the others being arbitrary constants. It's interesting to see that the solution of (34) iŝ 38) for Fig. 1(a) , and a 3 = e 1 = e 2 = e 3 = e 4 = e 6 = e 7 = e 8 = 1, ξ 0 = τ 0 = 0, e 5 = 2, b 3 = −1.06, m = 0.9, (39) for Fig. 1(b) , respectively, at a specific time τ = 1. When m in Eqs. (34) and (36) approaches to unity, it reduces to tanh and sech functions, respectively, which are shown in
Figs. 2(a) and 2(b), with upper sign and the parameters are fixed as a 2 = e 2 = e 3 = e 4 = e 6 = e 7 = e 8 = ξ 0 = τ 0 = m = 1, e 1 = −1, e 5 = 2, b 2 = −1.75, (40) for Fig. 2(a) , and a 3 = e 1 = e 2 = e 3 = e 4 = e 6 = e 7 = e 8 = m = 1, ξ 0 = τ 0 = 0, e 5 = 2,
for Fig. 2(b) , respectively, at a specific time τ = 1. (36) with (37).
interaction solutions between solitons and periodic waves
To obtain interaction solutions between solitons and periodic waves, a simple but effective way is using generalized tanh expansion method. To this end, we assume the solution of Eq.
(31) has the form A = a 0 + a 1 tanh(f ) with a 0 , a 1 and f are all undetermined functions of ξ and τ . By carrying out the standard procedure, we have
τ 0 ), and the constants an be classified into 44 cases, here, we just list 2 of them:
case (1)
2 (e 4 − e 7 ))e 2 +(m + 1) 2 (3e 8 + e 3 − 3e 6 − e 5 )(e 3 − e 5 + e 6 − e 8 ) ,
case (2)
2 (e 4 − e 7 )]e 2 +m 2 (3e 8 + e 3 − 3e 6 − e 5 )(e 3 − e 5 + e 6 − e 8 ) ,
with the others remain free.
To show the special feature of interaction solutions, case (1) of the solution (42) is displayed in Fig. 3 for A and Fig. 4 for B, with the parameters are fixed as Fig . 3 shows the structure of a kink soliton interacting with elliptic periodic waves, while Fig. 4 shows the structure of a anti-kink soliton interacting with elliptic periodic waves, both of which are with a nonzero phase change.
B. exact solutions of the nonlocal VCmKdV equation with variable coefficients
For the general case, i.e. e i (τ ) (i = 1 · · · 9) in Eq. (31) are not constants, we give the following two kinds of periodic wave solutions, one is
and the other one is
for Fig. 5 , e 1 = e 4 = e 5 = e 6 = e 7 = e 8 = sech(τ ),
for Fig. 6 , e 1 = e 5 = e 6 = e 8 = cos(τ ), e 4 = e 7 = cos(τ ) 2 , e 3 = −2 cos(τ ), k = 0.5, ξ 0 = τ 0 = 0, (57) for Fig. 7 , 
with ξ = (x − c 0 t), τ = 3 t, and G 0 is given by (18) . When taking A(ξ, τ ) in Eq. (59) as the solution of Eq. (36), i.e. the solution of (31) with constant coefficients, and fixing the (52)) more complex can be generated by choosing different ω(τ ), which have more potentiality of physical applications.
V. CONCLUSION AND DISCUSSION
In summary, a nonlocal VCmKdV system with shifted parity and delayed time reversal is derived from a two-layer liquid system by applying AB-BA equivalence principle and multiple 
